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ABSTRACT
The e f fe c t  of f i n i t e  boundaries on the Faraday ro ta t io n  and 
e l l i p t i c i t y  due to  the two dimensional e lec tron  gas (2DEG) formed in 
the invers ion layer of a metal-oxide-semi conductor (MOS) system is  
considered. Although the 2D Drude model is  mainly used, many body 
e f fe c ts  are also considered using the memory-function approach. The 
v a l i d i t y  of using a 2D model fo r  the invers ion laye r is  j u s t i f i e d  by 
showing i t s  equivalence to  a three dimensional model which includes 
m u lt ip le  re f le c t io n s  w ith in  the invers ion la y e r .  The free  c a r r ie rs  in 
the metal gate are inves t iga ted  by c a lcu la t in g  the surface admittance 
o f the gate. I t  is  found th a t  the admittance is  independent of 
temperature in the range 4 -  300°K, and due to  surface s c a t te r in g ,  the 
e f fe c t  o f the gate is  small. We also f in d  tha t the e f fe c t  o f a f i n i t e  
oxide laye r enhances the ro ta t io n  by 21%, due to  m u lt ip le  
re f le c t io n s .  For a f i n i t e  semiconductor substra te  the transmission 
c o e f f ic ie n t  is  shown to  be a period ic  function o f the semiconductor 
th ickness. This leads to  very large enhancements due to  in te rfe rence  
e f fe c ts .  In an e f f o r t  to  improve agreement between theory and 
experiment the memory-function approach is  used to  w r i te  down the 
magneto-conductiv ity . However i t  is  found tha t at f ie ld s  > 1 x 10^ G 
unusually high mass enhancements are obtained.
v ii
CHAPTER I  
Introduction
When a semiconductor surface is  brought in to  contact w ith  another 
surface, usually  a meta l, in s u la to r  or another semiconductor, a space- 
charge laye r is  formed on the surface. Such a surface space-charge 
laye r is  undoubtedly one of the major ing red ien ts  o f the components of 
m ic roe lec tron ics  in d u s try .
The metal-oxide-semiconductor (MOS) system is  a very useful 
device fo r  studying the physics o f semiconductor surfaces. These 
devices are o f in te re s t  fo r  both techno log ica l and basic s c ie n t i f i c  
reasons. From the viewpoint o f basic physics, the MOS system is  of 
in te re s t  because many important parameters can be varied by simply 
" tu rn in g  a knob", e .g . ,  the charge c a r r ie r  density  can be varied 
continuously by about s ix  orders of m a g n i tu d e ^  ( 1 0 ^  -  1 0 ^  crrT^). 
Thus we have the p o s s ib i l i t y  of studying many body e f fe c ts  under 
co n tro l le d  co n d it io ns .
The basic cons truc tion  o f a MOS device is  shown in Figure 1.1.
We w i l l  only concern ourselves w ith  a S i02 -  Si in te r fa c e  w ith  p-type 
S i .  A s im i la r  ana lys is  may be made fo r  n-type S i.  The gate is  a th in  
(20-50 A) metal laye r on the oxide la ye r .  The oxide laye r is  
t y p ic a l l y  about 2000 A in w id th . The e lec tron  density  o f the space- 
charge laye r is  determined by the gate vo lta g e .1*3,4 When a small 
p o s it iv e  gate voltage Vg is  applied , the energy bands bend downward, 
which causes the m a jo r i ty  c a r r ie rs  (holes) to  be depleted. This, gives
1
2r is e  to  a depletion laye r and extends^ about 10^ A in to  the 
semiconductor. I t  is  possib le  fo r  the conduction band edge Ec to  
cross over the Fermi leve l Ep, provided Vg is  made large enough.
Under these circumstances the number o f m ino r ity  c a r r ie rs  (e lec trons) 
at the in te r fa c e  becomes la rg e r  than th a t o f the m a jo r i ty  c a r r ie rs  and 
the surface is  said to  be inve r ted . This region is  known as an 
invers ion  laye r and extends about 100 A in to  the semiconductor.
Figure 1.2 i l l u s t r a t e s  the case o f an n-type invers ion  laye r in  p-type 
S i.
The e le c t r ic  f i e ld  associated w ith  an invers ion  laye r is  strong 
enough to  produce a p o te n t ia l  well whose width perpendicular to  the 
in te r fa c e ,  is  small compared to  the wavelengths o f the c a r r ie r s .  This 
observation, o r ig in a l l y  due to  Schrie ffe r®  leads, v ia  Schrodinger's 
equation, to  the quan tiza tion  o f the energy leve ls  o f the e lectrons in 
the invers ion  la ye r .  I f  the width of the invers ion  laye r is  along the 
z d i re c t io n ,  these energy leve ls  are grouped in to  what are ca lled  
e le c t r ic  subbands, each corresponding to  a quantized leve l f o r  motion 
in  the z d ire c t io n  and no re s t r ic t io n s  on the motion in  the xy- 
p lane. Using the technique of cyc lo tron  resonance, Fowler et a l J  
experim enta lly  confirmed th is  two dimensional s tru c tu re  o f the 
e lec tron  gas in  1966.
Optical experiments can be d iv ided n a tu ra l ly  in to  two d is t in c t  
c lasses, v iz .  interband and intraband e f fe c ts .  While interband 
t ra n s i t io n s  invo lve quantum sta tes in two d i f fe re n t  energy bands, 
intraband t r a n s i t io n s ,  or free c a r r ie r  e f fe c ts ,  invo lve  a s ing le  
energy band. We w i l l  confine our a t te n t io n  to  intraband e f fe c ts  and
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4since the energy band gap8 o f Si a t 0° K is  1.16 eV (and 1.12 eV at 
300° K), we are re s t r ic te d  to  photon energies in the range 1U- ^ -  1 
eV. These energies are in  the m id - in fra re d , fa r  in f ra re d  and 
microwave regions o f the electromagnetic spectrum.
Since i t s  discovery in  the ea rly  f i f t i e s , c y c l o t r o n  resonance 
has proved to  be the most frequen tly  used magneto-optical technique. 
The method depends on the ap p lica t ion  of an external s ta t i c  magnetic 
f i e ld  B which imparts a frequency oj to  the c a r r ie rs ,  ca lled  the 
cyc lo tron  frequency denoted by u = eB/m*c, in  the plane perpendicularL
■> ic
to  B. m is  the e f fe c t iv e  mass o f the charged c a r r ie r  and accounts
fo r  the background l a t t i c e .  I f  an e lectromagnetic wave o f angular
frequency to is  applied to  the system, the e lec tron  w i l l  o s c i l la te  at 
the frequencies w and w simultaneously. In the event th a t  u> is  
a c tu a lly  equal to  wc , resonant absorption occurs and the e lec tron  w i l l  
move in an o rb i t  o f increasing radius u n t i l  i t  c o l l id e s  a f te r  a 
time t , ca lled  the c o l l i s io n  t im e , w ith the l a t t i c e .
However, in  order to  be able to  e a s ily  observe cyc lo tron  
resonance, the cond it ion  ioct > 1 must be s a t is f ie d .  This l im i ta t io n  
on cyc lo tron  resonance motivates us to  study other magneto-optical 
e f fe c ts .  The Faraday e f fe c t ,  in  p a r t ic u la r ,  f i r s t  observed in  184b by 
F a r a d a y i s  independent o f the requirement th a t  be greater
than one. Thus, not only is  i t  app licab le  in  the region ((dct  < 1)
where cyc lo tron  resonance gives no in fo rm a tion , but i t  a lso provides 
useful complementary in formation even when cyc lo tron  resonance is  
e a s ily  observable.
bA l in e a r ly  po larized wave can be decomposed in to  two waves o f 
opposite c i r c u la r  p o la r iz a t io n ,  ca lled  r ig h t  and l e f t  (RCP and LCP), 
which propagate independently. In general, o p t ica l ro ta t io n  occurs in  
a medium when i t s  re f ra c t iv e  ind ices fo r  r ig h t -  and l e f t - c i r c u la r l y  
po la rized  ra d ia t io n ,  n+ and n_, are unequal so th a t  the phase 
v e lo c i t ie s  c /n+ and c/n_ are also unequal. The Faraday ro ta t io n  0  is  
defined to  be one-ha lf the phase angle chanye between the RCP and LCP 
waves.
The Faraday ro ta t io n  due to  the two dimensional e lec tron  gas 
(2DEG) in  the invers ion  layer of a MOS system has been in v e s t ig a te d ^  
fo r  the case where the oxide and semiconductor were assumed semi- 
i n f i n i t e .  In t h is  work we have extended th a t  model to  take in to  
account co rrections fo r  f i n i t e  s ize e ffe c ts  due to  the metal, oxide 
and semiconductor.
In chapter I I  we make a comparison o f the two and three 
dimensional models o f the invers ion  laye r and f in d  th a t  the two models 
are equ iva len t, provided m u lt ip le  re f le c t io n s  w ith in  the invers ion 
layer are taken in to  account. We also inve s t ig a te  a non-uniform 
invers ion  la ye r .  The th i r d  chapter addresses the ro le  of the free  
c a r r ie rs  in  the metal gate and th e i r  e f fe c t  on the Faraday ro ta t io n  
and e l l i p t i c i t y .  This is  done by c a lcu la t in g  the admittance of the 
gate using the Boltzmann transport equation in  the " re la xa t io n - t im e  
approximation". By in v e s t ig a t in g  the e f fe c t  o f the metal gate we are 
autom atica lly  confronted w ith  a f i n i t e  oxide la ye r.  Chapter IV deals
6with th is  problem which turns out to  have a s ig n i f ic a n t  e f fe c t  on the 
ro ta t io n  and e l l i p t i c i t y ,  due to  m u lt ip le  re f le c t io n s  w ith in  the oxide 
la ye r .  An a n a ly t ica l expression is  obtained fo r  the co rrec t io n  
term. In determining the Faraday ro ta t io n  due to  a 2DEG 
e xpe r im e n ta l ly ,1^ the e f fe c t  of a f i n i t e  semiconductor substrate may 
be e lim inated by use of a wedge. However, in  the l ig h t  o f p o ten t ia l  
magneto-optical experiments in  the fu tu re ,  we have ca lcu la ted  the 
Faraday ro ta t io n  and e l l i p t i c i t y  inc lud ing  a f i n i t e  semiconductor 
substra te , in  chapter V. This has been accomplished by de r iv ing  an 
expression fo r  the transmission c o e f f ic ie n t  of a four laye r system.
The f in a l  chapter deals w ith  various attempts to  improve agreement 
between theory and experiment. This has been done by inco rpo ra t ing  
the so ca lled  "memory func t ion "  approach in the expression fo r  the 
magneto-conductiv ity o f the 2DEG.
CHAPTEK I I
Comparison of Two and Three Dimensional Inversion Layers
A. Inversion Layers of Uniform Density.
The Faraday ro ta t io n  and e l l i p t i c i t y  due to  the two dimensional 
e lec tron  gas in  the invers ion  layer o f a MUS system has been 
c a lc u la te d .1^ In th is  ca lcu la t ion  the inve rs ion  laye r is  tre a te d  as 
having zero th ickness . However i t  is  known55 th a t the e lec tron
invers ion  laye r extends in to  the semiconductor to  the order o f 1UU A.
We are thus motivated to  study invers ion  layers o f f i n i t e  th ickness.
In the case o f l in e a r ly -p o la r iz e d  ra d ia t io n  propagating along the 
magnetic f i e ld  B, the Faraday ro ta t io n ,  0 and e l l i p t i c i t y ,  6, fo r  a 
medium of th ickness d, are given by1^
0 = { n+ ~ n_ ) ( I I . 1)
and
6 = tanh { ^ -  ( k+ -  k_)} , ( I I . 2)
where c is  the speed o f l i g h t ,  to is  the photon frequency, n+ ,n_ and 
k+, k_ are the real and imaginary p a r ts ,  re sp e c t ive ly ,  of the complex 
re f ra c t iv e  ind ices of the r ig h t  and l e f t  c i r c u la r ly -p o la r iz e d  
components o f the l in e a r ly -p o la r iz e d  wave. The q u a n t i t ie s  n+ , <+ are
re la ted  to  the d ie le c t r i c  constants, e+ , by
7
0e+ = e+ ' + i  c+"
= (n+ + i k+ ) Z , ( I I . 3)
where the prime and double prime denote real and imayinary pa rts , 
re sp e c t ive ly .  I t  is  e a s i ly  shown th a t
"+  -  V2 t [ ( e + ' ) 2 + ( e+ " ) 2 ] V2 + e+ ' )  ( 1 1 . 4 )
and
2 = V 2 { [ ( e + ' ) 2 + (e+ " ) 2 ] 1/2-  e+ ' }  . ( 1 1 . 5 )
The d ie le c t r i c  constant of the invers ion laye r is  re la ted  to  the three 
dimensional co n d u c t iv i ty  b y ^
where or denotes the co n du c t iv ity  and e0 is  the d ie le c t r i c  constant of± X
the bulk s i l i c o n .  For the Drude model a+ is given by (see Appendix A)
2 *  i ne j m / t t 7 \a, = — r ------v ■■■ , ( I I * / )+ (jO + ojc + 1v '  '
*k
where n is  the 3D e lec tron  dens ity ,  m is  the e f fe c t iv e  mass, toc = 
eB/m*c the cyc lo tron  frequency, and v is  the c o l l i s io n  frequency. I f  
we make use of Eqs. (11.4) through ( I I . 7) in  Eq. ( I I . 1) we have a
9p re sc r ip t io n  fo r  eva lua ting  0, using a 3D model fo r  the  invers ion  
la ye r .
Let us now b r ie f l y  o u t l in e  the method used by O'Connell and 
W a l la c e ,^  to  ca lcu la te  0. We obviously cannot use Eq. ( I I . 1} since 
i t  is  assumed th a t  d = 0 fo r  the 2D invers ion  la ye r .  The transmission 
c o e f f ic ie n t  fo r  the system is  given by16
2n
V  n, «jZ) l I I ‘ 810 s c ±
where nQ and n£ are the ind ices o f re f ra c t io n  of the oxide and
semiconductor resp ec t ive ly ,  and
( i i .  9 )t U  +  OJ- +  1 V
is  the con du c t iv i ty  o f the 2DEG and N is  the e lec tron  surface 
concentra tion . We may rew rite  Eq. (11 .8) as
t + = | t + | e -  . (11.10)
The Faraday ro ta t io n  in  the 2D model is  then given by
9 = V2 U + -  O  • ( I I . I D
We now use N = 2.3 x 1 0 ^  cm- ^ , n = N " ^ ,  m = 0.19 mg (mg = 
free  e lec tron  mass), w = 6.455 x 1 0 ^  s " * ,  = n^ = 11.8, nQ =
1.95 and v = 1.66 x 1 0 ^  s " * ,  so th a t  we may conform w ith  the same
10
parameters used in the ca lcu la t io n  o f the Faraday ro ta t io n  using the 
2D model fo r  the invers ion  la ye r .  I f  these parameters are used in  
Eqs. ( I I . 4) -  ( I I . 7) and the Faraday ro ta t io n  is  ca lcu la ted  using Eq. 
( I I . l )  we f in d  th a t there is  no agreement w ith  the resu lts  obtained 
using the 2D model. I f  the ro ta t io n  is. p lo t te d  as a func t ion  o f the 
magnetic f i e ld  we f in d  th a t fo r  the 2D model, fo r  w < uc the ro ta t io n  
is  p o s i t iv e ,  wh ile  fo r  w > wc the ro ta t io n  is  negative. However fo r  
the 3D model we f in d  the ro ta t io n  to  be negative fo r  a l l  values o f b.
One d if fe re n ce  between the two and three dimensional models is  
th a t  the ro ta t io n  angle fo r  the 2D model depends on the oxide layer 
through the index o f re fra c t io n  n0 , whereas the s ing le  pass 3D model 
is  independent o f the oxide. To b r ing  in  the e f fe c t  o f the oxide in 
the 3D model we must extend i t  to  include boundary e f fe c ts  at the 
invers ion  laye r  in te r faces  as well as m u lt ip le  re f le c t io n  e ffe c ts  
w ith in  the invers ion  la ye r ,  i . e . ,  the m u lt ip le  pass Faraday ro ta t io n .
The d e ta i ls  of ob ta in ing  an expression fo r  the  transmission 
c o e f f ic ie n t  of a th ree  layer system ( inc lud ing  m u lt ip le  re f le c t io n s )  
are given in  Chapter IV and w i l l  not be repeated here. The 
transm ission c o e f f ic ie n t  in  the Faraday geometry is  given by (see 
Figure I I . l )
- i  £  n d
 ____________________ - 4 nQ(nt  + i k± ) e____________________________
^  i!r  N+d ' i ^ N+d(n -n - i  < )(n +i k -n ) e " + (n +n +i tc )(n +i k +n ) e o ±  t ; ' ± ± s  0 ± ± ±  ± s
(11.12)
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where
N+ = n+ + i  k+ (11.13)
and nQ, ng re fe r  to  the re f ra c t iv e  ind ices o f the oxide and 
semiconductor re spec t ive ly .
The thickness o f the invers ion laye r is  t y p ic a l l y  « 10"6 cm, so 
fo r  frequencies w in the region o f ,  say, 10*2 s- * ( fa r  in f r a - r e d ) ,
i)d
—  << 1 . We may thus expand the exponentials in  Eq. (11.12), so 
th a t  to  f i r s t  order in  d, we have
2 n.
n_ + n. {1
(n+ + 1 ic+ )'
n_ + n. (11.14)
I f  we use Eq. ( I I . b )  in Eq. (11.14) we obtain
2 n. 4it cr.d
t+ - Ti-^ V (1 - [(-r^ )/<no+ ns ' ] )  • U I . 1 5 )" O S
Now the transmission c o e f f ic ie n t  fo r  the case where the invers ion 
laye r is  o f zero th ickness, may be re w r it te n  from Eq. ( I I . 6) as
2n
t .  = -----------------------------jr-— -nn----------------------   (11.16)
-  <n0 + ns ) {1 + + " s ) l
I f  we now set
12
= o-± d (11.17)
in Eq. (11.16) and expand the lowest order in  d, we obta in  a re s u lt  
fo r  t + id e n t ic a l  to  th a t given by Eq. (11.15). We have thus shown 
th a t i f  we inc lude boundary e f fe c ts  and m u lt ip le  re f le c t io n s  in  the 3L) 
model o f the inverse laye r, i t  is  equiva lent to  the 20 model.
B. Non-uniform Invers ion Layers.
The 3D model assumes an invers ion laye r of uniform c a r r ie r  
d ens ity , whereas in  fa c t  the c a r r ie r  density  is  h igh ly  non-uniform .15 
The very nature o f the 2D model cannot accommodate the h igh ly  non- 
homogeneous e lec tron  density p r o f i le  predicted fo r  an invers ion  layer 
o f f i n i t e  ex te n t.  In an attempt to  take in to  account the e lec tron  
density  p r o f i le  but re ta in  the s im p l ic i t y  o f the 2DEG model, i t  has 
been suggested17 th a t  the 2DEG be moved in to  the i n t e r io r  o f the 
semiconductor a distance D which is  shown in  Figure I I . 2. One could 
consider D to  be o f the order o f one-ha lf o f  the average invers ion 
laye r th ickness d (see Eqs. 22 and 42 o f Ref. [ 5 ] ) .
We would now l ik e  to  examine the e f fe c t  o f such a displacement of 
the invers ion layer on the transmission amplitudes, which are used in  
cyc lo tron  resonance and Faraday ro ta t io n  ana lys is .
I t  is  easy to  show18 th a t  the transmission c o e f f ic ie n ts  f o r  the 
r ig h t  and l e f t  c i r c u la r ly  po la rized  components o f  a l in e a r ly  po la rized  
electromagnetic wave o f frequency w, fo r  the geometry o f Figure I I . 2
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O X ID E
IN V E R S IO N
LA YER
S E M I­
CO N D U C TO R
E ;
d
1. Geometry fo r  the propagation o f e lectromagnetic
ra d ia t io n  through an invers ion  layer o f f i n i t e  th ickness 
d in  a MOS s tru c tu re .
f 2DEG
OXIDE SEMI­ S SEMI -
CONDUCTOR S CONDUCTOR
S
E i Eu 1 Et
0
Er Ev
X
D \
Figure I I . 2. Geometry o f a MOS system w ith  the 2DEG ( invers ion  laye r)  
d isplaced in to  the semiconductor.
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are
y D> -■  ' 12---2-3±- -  m - 0 (H .1 8 )
1 ”  r 2 l r 23± e
where
2 "o ns -  "o
•12 n0 + ns * 21 ns + n0 (11.19)
and
2 "a -  “I2’S r  x
t 23+ = “  ' " T *  { 7 7 *  r 23+ = „ n , 4n“ (2 )  (11 .20 )
s ~c" a+ 2 ns + “ c c+
are the re levant Fresnel transmission and re f le c t io n  c o e f f ic ie n ts  of 
the oxide-semi conductor in te r fa ce  and o f the 2DEG embedded in  the 
semiconductor re sp e c t ive ly ,  ps = to ns/c ,  and
g(2) = i Ne2/m ( n  }
+ u + o)c + Iv
is  the con du c t iv i ty  o f the 2DEG and N is  the e lec tron  surface 
concentra tion .
I f  we choose the parameters used e a r l ie r ,  then tak ing  D ~ 50 A, 
we f in d  pgD «  1. Thus to  f i r s t  order in  0, Eq. (11.18) becomes
t + (D) .  [ ,  + , ( - i - l f e - f o ) Pst>] . ,11.21)
± 21 23+ 21 23+ 5
lb
By Eq. (11.20) we also have th a t | r 23+1 <<: 1 fo r  ttie parameters being 
used, hence the second term in Eq. (11.21) is  n e g l ig ib le .  Thus using 
Eqs. (11.19) and (11.20) we have
2not + (D) = --------    m  , (H .2 2 )
no + ns + —
which is  the same result*®  obtained fo r  the transmission c o e f f ic ie n t  
fo r  the 2DE6 located at the oxide-semi conductor in te r fa ce  (D = 0 ), and 
id e n t ic a l  to  Eq. ( I I . 7 ) .
We have thus shown th a t  the e f fe c t  of d isp lac ing  the 2UEG (the 
invers ion  la ye r)  in  a MUS system in  an attempt to  include the e lectron 
density p r o f i le  has a n e g l ig ib le  e f fe c t  on the  transmission 
c o e f f ic ie n t  fo r  electromagnetic ra d ia t io n  and hence on cyc lo tron  
resonance and Faraday ro ta t io n  re s u lts .
Chapter I I I  
Effect of the Metal Gate
Following the usual p rac tice  o f t re a t in g  the invers ion  laye r as a 
two-dimensional e lectron gas, the f r e e - c a r r ie r  Faraday ro ta t io n  and 
e l l i p t i c i t y  has been c a lc u la te d .^  In th is  section we wish to  address 
the question of whether or not the free  c a r r ie rs  in  the metal w i l l  
also make a c o n t r ib u t io n .19 As in  Ref. [1 3 ] ,  we. w i l l  ignore m u lt ip le  
re f le c t io n s  in  the oxide laye r, which w i l l  be trea ted  in chapter IV.
Because the metal gate is  very th in  (20 -  50 A) i t  a lso can be 
trea ted  as a two dimensional charge laye r. Then, fo r  the purpose of 
c a lc u la t in g  i t s  co n tr ib u t io n  to  f r e e -c a r r ie r  Faraday ro ta t io n  or 
e l l i p t i c i t y ,  we need to  ca lcu la te  the surface admittance (two- 
dimensional co n du c t iv i ty )  o f the m e ta l l ic  charge la y e r .  The usual 
bulk metal re f ra c t iv e  index is  not useful in  th is  context but, 
fo l lo w in g  D in g le , ^  We may define a generalized complex re f ra c t iv e  
index by
N = Y , ( I I I . l )
where Y is  the surface admittance o f the gate defined by
Y = J/E , ( I I I . 2)
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J is  the to ta l  current per u n i t  area in  the f i lm  and E is  the f i e l d  at 
the surface, having components in  the x and y d ire c t io n s .  Since the 
ro ta t io n  is  measured at l iq u id  Helium temperatures the fo l low ing  
cond it ion  holds fo r  the metal
a «  6 «  A , ( I I I . 3)
where A is  the mean fre e  path in the metal ~ 10 cms, 6 is  the 
e f fe c t iv e  skin depth ~ 500 A and a is  the thickness of the metal f i lm .  
6 is  ca lcu la ted  using21
63 = c2A/2it y oqim ( I I I . 4)
20 1where y is  a constant ~ 1, aQ is  the s ta t i c  3D co n du c t iv i ty  ~ 10 s- i
12 -1and to is  the angular frequency of the inc id e n t ra d ia t io n  ~ 10 s .
Since 6 << A we are in  the anomalous skin e f fe c t  regime. This would
o rd in a r i ly  mean th a t the local instantaneous re la t io n s h ip  between J 
and E would break down. The e le c t r ic  f i e ld  may vary appreciably over 
a distance comparable to  the mean free path, so tha t the current 
density  at a po in t is  defined by the e le c t r ic  f i e ld  E in  a region w ith  
dimensions o f the order of A. The co n du c t iv i ty  would no longer be a 
constant fo r  the metal but depend on the sp a t ia l  d is t r ib u t io n  o f the 
e le c t r ic  f i e l d .  However, even though we are in  the anomalous skin 
e f fe c t  regime the cond it ion  a << 6 ensures a constant e le c t r ic  f i e ld  
across the th ickness o f the f i lm  along the z d ire c t io n  and we can 
neglect non-local e f fe c ts .  We tu rn  now to  a ca lcu la t io n  o f Y. I t  may
be mentioned here th a t we cannot use the 2 dimensional analog o f the 3 
dimensional a .c . Drude co n duc t iv i ty  fo r  the bulk metal in  the 
presence o f a s ta t i c  magnetic f i e ld  B
Y — y i lie / m / w
+ (a) + 0)^ . + iv )
(iN ^/m) a
where wc = (eB/mc) is  the cyc lo tron  frequency and v is  the c o l l i s io n  
frequency o f the e lectrons w ith  the l a t t i c e .  This is  because v does 
not include c o l l is io n s  of the e lectrons w ith  the boundaries o f the 
metal f i lm .  I f  we were to  replace v by an e f fe c t iv e  sca tte r in g  
frequency v' which took both types of c o l l is io n s  in to  account, there 
would be no way to  determine a p r io r i  the value o f v ‘ and consequently 
the value o f Y. However, i t  is  experimentally possib le to  determine 
the value o f Y, and since experimental cond it ions d ic ta te  v' »  cu,a>c
so th a t a determination o f x ' is  experim enta lly  poss ib le . We w i l l  see 
la t e r ,  th a t  using the Boltzmann transport equation and appropria te  
boundary conditions to  ca lcu la te  the value o f Y, we obta in  an 
expression which agrees well w ith  the experimental value. In the case
Y -  a a { I I I . 6)
where
a ( I I I . 7)m
of a s ta t ic  e le c t r ic  f i e l d ,  Sondheimer22 inves t iga ted  tran sp o rt
phenomena in  the metal f i lm .  For our c a lcu la t io n  we generalize
Sondheimer's method to  an a .c .  e le c t r ic  f i e ld  (E e~^( j t , E e " ia i t , 0)a y
in  the plane o f the metal and a s ta t ic  external magnetic f i e ld  
(0 ,0 ,B), perpendicular to  the plane o f the metal. Since we are 
in te res ted  in  the case o f  c i r c u la r ly  po larized ra d ia t io n ,  we consider 
Ex and Ey to  be equal.
The d is t r ib u t io n  func t ion  f  o f the e lec trons may be w r i t te n  as“
f  = f 0 + , ( I I I .8)
where f Q is  the e q u i l ib r iu m  Fermi fu n c t io n , v is  the v e lo c i ty  o f an 
e le c t ro n ,  and f j  is  a func tion  o f v, z, and t  which must be 
determined; f j  is  a pe rtu rba t ion  from the e q u i l ib r iu m  value f 0 and 
produces the surface currents on the f i lm .  The d is t r ib u t io n  function  
is  determined by the Boltzmann equation*-
+ e (£ + I  *  x t )  • \ f  + *  • $pf  = -  ( f  -  f Q)/-c , ( I I I . 9)
where we have omitted the n e g l ig ib le  co n tr ib u t io n  due to  the t im e- 
varying magnetic f i e ld  o f the electromagnetic wave. We use Eq.
( I I I . 8) in  Eq. ( I I I . 9) and neglect the product o f  f  w ith  ^ f j  which 
would be of order E^ and corresponds to  dev ia tions from Ohm's Law. I t  
is  found th a t  f]^ s a t is f ie s
20
5f 1 fl a|) 5f-| 5fl p -i (lit
 L + — L + eB (y — L - V  — i )  = -  —  (E — 2. + E _ - ° )  e “5t tvz mcvz v y 9vx x dv^' mvz x 5vx y av^
( I I I .1 U )
where m is  the e lec tron  mass. To solve Eq. ( I I I . 10) we put
fi ■ <V i+ V 2> e '1wt T tr • <m-n)
where v is  the magnitude of and and C2 are functions of 
v ,vz and z. Combining Eqs. ( I I I . 10) and ( I I I . 11), we obta in  the
fo l lo w in g  equations fo r  c-^  and eg:
5c, c, ti) Co iwc.
5C n  Co t l l-C i  1 U)C r\
— L + —Z. + S - L  -  = ----- - —  E (111 .13)5z tvz vz vz mvzv y
I f  we m u lt ip ly  Eq. ( I I I . 13) by i and subtract from Eq. (111.12) we 
obtai n
|s. + _a_ - i(w+ «) _a e , (in.14)5z t v  '  c '  v mvv v '
Z tm i*
where
g = c^ -  icg  ( I I I . l b )
21
E = Ex IE■y ( I I I . 16)
The so lu t io n  o f  Eq. ( I I I . 14) is
- [ 1 - i  (u+o)c )t ]
2 } , ( I I I . 17)
where C is  an a rb i t ra r y  func tion  of v and vz . This corresponds to  the 
case o f r ig h t  c i r c u la r ly  po larized ra d ia t io n .  The case o f l e f t  
c i r c u la r ly  po la rized  ra d ia t io n  may be obtained by rep lac ing  i in  Eqs. 
( I I I . 15) and ( I I I . 16) by - i  and rep lacing toc by -u c in  Eq. ( I I I . 17). 
The boundary conditions which are used to  determine C depend on the 
nature o f the sca tte r in g  at the surface o f the f i lm .  Gate metals in 
MOS s truc tu res  are h igh ly  p o ly c ry s ta l l in e ,  the net e f fe c t  of which is  
to  average out the anisotropy associated w ith a p re fe rred  d ire c t io n ,  
so th a t the materia l is  is o t ro p ic .  I f  the assumption is  made th a t
the e lec trons are scattered d i f fu s e ly  at the boundaries w ith  complete 
loss of t h e i r  d r i f t  v e lo c i t ie s ,  the d is t r ib u t io n  func t ion  of the 
e lectrons leaving each surface of the f i lm  must be independent of 
t h e i r  d ire c t io n  of motion. This is  not an unreasonable assumption to  
make since the experimental data a va ilab le  in  the l i t e r a t u r e  f i t  the 
d i f fu s e  case fo r  most m e ta l l ic  f i lm s  th a t have a p o ly c ry s ta l l in e
s t ru c tu re .  To s a t is fy  th is  assumption, C must be chosen such tha t g
is  zero at z = 0 fo r  a l l  ^  such th a t  vz > 0, and g is  zero at z = a
fo r  a l l  ^ such th a t  vz > 0. This requirement is  s a t is f ie d  i f  we take
22
C = -  1 v2 > 0 ( I I I .1 8 a )
C = -exp{[1 -  i (to + w j x ]  v < 0 (111.18b)
z ^
Eq. ( I I I . 18) ensures th a t  g, and the re fo re  f^  as w e l l ,  vanish fo r  
e lectrons at the boundaries of the metal, i . e .  fo r  e lectrons leav iny 
the surface at z = (J and z = a.
The curren t density  ( j  , j  ,0) can now be ca lcu la ted . Alony the x
* y
d ire c t io n  the curren t density is
Jx = - S j  /  vx f i  d k • ( I I I . 19)
An
Since the curren t is  due only to  the pe r tu rba t ion  f^  (representing the 
dev ia tion  from thermodynamic e q u i l ib r iu m ) ,  we may w r i te  Eq. ( I I I . 19) 
in  v e lo c i ty  space as
Jx = 2 e (^ )3 / / /  vx ^  d3v . ( I I I . 20)
S u b s t i tu t in g  from Eq. ( I I I . 11) in to  Eq. ( I I I . 20), and using po la r 
coordinates (v,e,<t>) w ith  d^v -  v2 sin 0 dv dod<|>)
j x = 2ne (^-)3 j j  v4 s in 3© c.^  y-5. dodv . ( I I I . 21)
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We next use the re la t io n  (see Appendix B)
0 f
V4 = -  /  v4 ^  dv , ( I I I . 22)
where v is  the Fermi v e lo c i ty ,  so th a t Eq. ( I I I . 21) becomes
j x = -  27te(jl)3 v 4 /  c i  s in 30 do . ( I I I . 2 3 a )
o
S im i la r ly
TC
Jy = -  2ite(^-)3 v4 /  c2 s in 3© do . ( I I I . 2 3 b )
Combininy Eqs. ( I I I . 2 3 a )  and ( I I I .2 3 b )  we obtain
7t
j  = Jx -  i j  = -  2Tte(E)3 v4 /  y s in 3e de . ( I I I . 24)
* y  n o
To f in d  the to ta l  transverse current in  the f i lm  o f th ickness a, we 
w r i te
a
J = /  jdz
o
* [ l - i  ( u + oO t ] z. o o c' TV
f r*1 2ice Et v <■, , \ a i
" {  I  mL 1~i'(’u)+wTI't]  W  ^  + C (v*vz ) e ^U v L
x s in 30d0dz . ( I I1 .2 b )
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I f  we use the boundary conditions on C and define
n = [1 -  i(w+o)c )x ] , ( I I 1 . 26)
Eq. ( I l l  .25) reduces to
 33L
■Z n, 1 1 3 tt/2 *_ 3,
j  .  (»)3 53Et I  [ ;  ii£JL  (1 .  e «  ) de] dz
0 0 1
_ _ J 32___________ V  ■)
+ ^  (™) v3Et / a [ J * lln ? ®  (1 -  e ^  cos0 cos0 de] dz .
( I I I . 27)
In order to  in teg ra te  Eq. ( I I I . 27) we le t
t  = 1/cos© , jl = vz, and K = ari/JL
where l  is  the mean free  path. I f  we consider the f i r s t  angular 
in te g ra l  in  Eq. ( I I I . 27) we obtain
25
riz
/  i l I L H  ( i  -  e ^ C0Sa ) d©
t t / 2
sin 0  c-. „  tvcos©
“  -  ~nzt
/  ^  ( 4 ~  -  e X ) • (111.28) 
t CT)
Also
f  / a 4  ( 4  -  4 )  ( i  -
_
o o
) dz
I * ) (1 +
e-lct 1 ,
I t -  £  -  - 4 + - 4  ^ d t 4  -  4 )  e’ K t> * ( n i . 2 9 )
J *  K 8 k 2 k 1 t 3 t 3
The second angular in te g ra l in  Eq. ( I I I . 27) may be evaluated in  a 
s im i la r  manner. Eq. ( I I I . 27) thus becomes
. _ 2ue2 riiK3 -3 c 4 a2 r l  3 3 f“  r l  1  ^ - K t t
J = —  W  v E t  7 - t  t  -  ^ 7 + ^ 7  { d t  Cp- -  ^  e * •
( I I I . 30)
I f  we now use
N = ^ ( ™ ) 3 , ( I I I  .31)
where N is  the number o f e lectrons per u n i t  volume, and we w r ite  the
26
dc co n d u c t iv i ty  as
2
a = f ( I I I . 32)
0 mv
Eq. ( I I I . 27) becomes
where
—r l j  = 1 -----^  + - ^ 7  /  d t S') e * (111.34)H>[K) k 1 t  t
Thus, from Eq. ( I I I . 2 ) ,
Since a ~ 10”  ^ cm and A ~ 10“ ^ cm, k «  1 and ^ may be expanded by 
means of the power se r ie s22
(j^^j -  (1 -y-An k) + y  ~  TTJ7  (31-12y-12AnK)
+ 3 n*3 (- 1)P n (n -2RH-+2)T <m ' 36>
I f  we re ta in  only terms o f the order o f ic, Eq. ( I I I . 34) may be w r i t te n  
as
2
v l ' o l  f * n + ° ' 4228 + I  "±1 ( i n . 3 7 )
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where we have allowed fo r  both p o la r iza t io n s  and
<± = j  (1 "  1<“  ± UCM  * ( I I I . 38)
These resu lts  co n s t i tu te  our s ta r t in g  po in t fo r  the c a lcu la t io n  
o f the Faraday ro ta t io n  0 and the e l l i p t i c i t y  6 in  the metal. Our 
procedure is  exactly  analogous to  th a t  used in  the ca lc u la t io n  of the 
corresponding q u a n t i t ie s  fo r  the two-dimensional invers ion  la y e r13 and 
so w i l l  not be repeated here.
For the inpu t parameters, we take w equal to  6.b x 1012 s " 1 
(corresponding to  a wavelength of X = 292.5 pm which was used in the 
experiment of P i l l e r  and Wagner14), and fo r  the metal we take a range
of values in  the v i c in i t y  o f x = 2 x 1Q-1U s, v = IQ3 cm-s"1, A =
9 20 -110_£ cm and aQ = 10 s , being representa tive  of Ti (the gate metal
used in the experiment of P i l l e r  and Wagner14) at very low
tem peratures.25*27 I t  is  found fo r  the above parameters th a t  the
Q
value o f Y ~ 4 x 10 esu/ . This compares well w ith  the experimental
value of Y at quoted by Tsui et a l . 23 (Y ~ 5 x 10 ^ mho/ ~ 4.5 x 10®
esu/ ) ,  who used a Ti gate. Even i f  parameters are chosen at 300°
K (0O ~ 1017 s- 1 , corresponding to  the fa c t  th a t the c o n d u c t iv i ty  o f
Ti is  measured21,22 to  be about 10~3 sm aller at room temperatures than
-13at low temperatures, t ~ 10 s, A ~ 10"° cm) about the same value of 
Y is  obtained which shows th a t Y is  f a i r l y  constant between 
4 -  300° K.
In order to  give a possib le in te rp re ta t io n  to  Eq. ( I I I . 37) in  
terms o f experimental parameters we w r i te
28
b j j  {An (A-) + 0.4228 + |  k± } ]  a
where
xt  ° Tf f  + 0A2Za + f  { I I I . 39)
where the expression fo r  x ‘ may be thought of as the modifying e f fe c t  
o f the boundary c o l l is io n s  on the e lectron l a t t i c e  re laxa t ion  time x.
(111.39) the value fo r  t J. agrees reasonably well w ith  the experimental 
value.
In a l l  cases we found th a t 0 and 6 were completely n e g l ig ib le  
compared to  the corresponding q u an t it ie s  in  the case o f the invers ion 
la ye r.  The reason fo r  th is  may be traced to  two features o f Eq. 
(111.37). F i r s t  o f  a l l ,  Y+ contains an a dd it iona l fa c to r  o f ( a / i )
_7
over what one might i n i t i a l l y  estimate and, since a ~ 5 x 10 cm
-2  ^ and A ~ 10 cm, th is  fa c to r  has the very small value o f 5 x 10 . In
a d d it io n ,  0 ~ (Y" -  Y+) and 5 ~ (Y^ . -  Y | ) ,  where the primes and the
double primes re fe r  to  the real and imaginary p a rts , re sp ec t ive ly .
But i t  tu rns out th a t  both o f these q u a n t it ie s  are r e la t iv e ly  small,
the reason being th a t  k+ is  not very d i f fe re n t  from tc_, a r is in g  from
the fa c t  th a t ,  over the range of magnetic f ie ld s  o f in te re s t ,  w »  toc
The experim enta lly  determined value o f x' using Eq. ( I I I . 6) is  ~ 1 0 " ^  
-  10“ 16 s. Using the values fo r  x, a, A, e tc .  quoted above, in  Eq.
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where ai is  the cyc lo tron  frequency o f the metal { fo r  B = 1.3 x 10^ G, 
which is  the highest f i e ld  used in the experiments o f P i l l e r  and 
W agner,^ we f in d  th a t  (w/uc ) ~ 3 ).
We conclude th a t  the metal e s s e n t ia l ly  does not co n tr ibu te  any 
f r e e -c a r r ie r  Faraday ro ta t io n  and e l l i p t i c i t y .  Thus, we may ignore 
the metal completely except fo r  i t s  co n tr ibu t io n  as a re f le c t in g  
surface.
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CHAPTER IV 
Effect of a F inite Oxide Layer
Recently, the Faraday ro ta t io n  O and e l l i p t i c i t y  6 due to  a two- 
dimensional e lec tron  gas has been ca lcu la ted fo r  the case where the 
oxide and semiconductor were assumed s e m i - in f in i t e . 13 In th is  chapter 
we w i l l  examine the ro le  o f a f i n i t e  oxide la y e r ,2® while  the e f fe c t  
of a f i n i t e  semiconductor substrate w i l l  be dea lt w ith  in  the next 
chapter.
The e f fe c t  o f the metal gate was analyzed in  chapter I I I .
Because i t  is  very th in  (20 -  50 A), i t  was pointed out th a t i t  could 
be tre a te d  as a two-dimensional charge laye r at the in te r fa c e  of the 
vacuum and the oxide (analogous to  the treatment o f  the invers ion  
laye r as a two-dimensional charge laye r at the oxide-semiconductor 
in te r fa c e ) .  In essence, the metal is  ignored except th a t (4ti/ c) times 
i t s  two dimensional co n d u c t iv i ty  is  added to  the re f ra c t iv e  index of 
the oxide in  considering the transmission o f the ra d ia t io n  in to  the 
oxide. With th is  m o d if ica t ion  the usual Fresnel re la t io n s  h o ld ,16*30 
as d isp layed, fo r  example, in  Eqs. (IV . 5a) and (IV .5b) where we 
e x p l i c i t l y  w r i te  down the Fresnel transmission and re f le c t io n  
c o e f f ic ie n ts  fo r  a surface conta in ing a charge la y e r .  While Eqs.
(IV.5a) and (IV .5b) are general expressions, fo r  the purposes o f th is  
section the a appearing the re in  re fe rs  to  the invers ion  laye r (and is  
the source o f the f r e e - c a r r ie r  c o n tr ib u t io n  o f the inve rs ion  laye r  to
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the Faraday r o ta t io n ) .  However, we have already shown in  chapter I I I  
th a t— in  con trast to  the case o f the invers ion  la ye r—the m e ta l l ic  
gate e s s e n t ia l ly  does not con tr ibu te  any f r e e - c a r r ie r  Faraday ro ta t io n  
o f  i t s  own. Thus, in  essence, we may ignore the metal a ltoge the r 
except fo r  i t s  c o n tr ib u t io n  as a re f le c t in g  surface, which is  
incorporated simply by tak ing  in to  account the m u lt ip le  re f le c t io n s  at 
the vacuum-oxide boundary. In o ther words, the re f le c t io n  p ropert ies  
o f  the th in  metal f i lm  do not measurably change the transmission of 
l i g h t  from the vacuum in to  the oxide.
By the same token, the ox ide -invers ion  laye r boundary can also be 
replaced by an o x id e -s i l ic o n  boundary, since the co n tr ibu t io n  o f the 
invers ion  laye r  at the o x id e -s i l ic o n  in te r fa ce  has been taken in to  
account separa te ly . What we obta in  is  a decomposition o f the 
"m u lt ip le  pass" ro ta t io n  (^) and "m u lt ip le  pass" el 1i p t i c i t y  A in to
the 0  and 6 of Ref. [13 ] (0 and 6 include m u lt ip le  re f le c t io n s  w ith in
the invers ion  la ye r)  and a co rrec t ion  term due purely to  m u lt ip le  
re f le c t io n s  at the oxide boundaries.
We consider the  propagation of r ig h t -  and l e f t - c i r c u l a r l y  
po la rized  l ig h t  through the vacuum-SiOg-Si system. The e le c t r ic
f ie ld s  in  the th ree  regions are
i { k  z-w t) ~ . - i  (k z+iot) a
z < 0 : E. = E. e e , E  = E e
i±  i±  ± r± r± ±
( IV . la )
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( IV . lb )
z > d : ^ t+  ^ t+  e
i [ k s ( z -d ) -wt ]  „
( IV . lc )e± *
so th a t Et.j = , £p = ?r+ + f  e t c . ,  k is  the wave number in
the corresponding medium and is  given by
where v ,o ,s  re fe rs  to  the vacuum, oxide, or semiconductor, 
re sp e c t ive ly ,  is  the index o f re f ra c t io n ,  d is  the oxide th ickness 
and
The boundary condit ions at z = 0 and z = d are (a) c o n t in u i ty  of 
the tangen t ia l component of the a .c .  e le c t r ic  f ie ld s  and (b) e q ua l ity  
o f the d is c o n t in u i ty  o f the a .c .  magnetic f ie ld s  and (4tt/ c )j + =
(4n /c) o+ E+ , where j  and a are the surface curren t and co n du c t iv i ty  
of the 2DEG located at the in te r fa c e .  These condit ions imply, 
re sp e c t ive ly ,  the fo l lo w ing  resu lts  (suppressing the "±" s ig n ) :
ki = c ni * 1 = v *°»s * or 1 )2 *3 ( IV . Id )
( IV . le )
z = 0 : E.j + Ep -  Eu + Ev ,
kv (Ei -  Er ) -  k0 (Eu -  Ey ) = 0 ,
(IV .2a)
(IV .2b)
A fte r  some algebra, we f in d  tha t the so lu t io n  of Eq. ( IV .2) fo r  
the transmission c o e f f ic ie n t  t + = Et+ /E^+ i s ,  using Eq. ( IV . Id )
4 no nv
+ " - lTTcf W~S
( v n0 ) (W  -r e ■ ( v n* )  ( w  ~z “+ ) e
( IV .3)
Eq. ( IV ,3) may be w r i t te n  as
t  t  i k od _ h i  23+ e . .
x± 2ik d UV.^1
1 " r 21 r 23+ e
where16,30
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are the Fresnel transmission and re f le c t io n  c o e f f ic ie n ts  fo r  a surface 
conta in ing a 2DEG and t ^ j  -  r ^  = 1. In Eqs. ( IV .4) and ( IV .5 ), the 
p a ir  o f ind ices ( i j )  denotes propagation from medium i  in  the 
d ire c t io n  of medium j .  At the vacuum-oxide in te r fa c e  c+ is  zero.
I t  is  convenient to  w r i te  Eqs. ( IV .5)
^ i j +  -  e * (IV .6a)
I t  has been shown18*30 th a t  the m u lt ip le  pass Faraday ro ta t io n  (0) 
and the m u lt ip le  pass e l l i p t i c i t y  A are re la ted to  the transmission 
c o e f f ic ie n ts  by
We now define n+ by
2i k d n ■ 
(1 -  r 21 r 23+ e ) =
2 ik  d
1 -  r  r  s 1 21 23+ e
-1 lT»t ( IV.8)
Using Eq. ( IV .6 b ) ,  we may w r i te
2l‘ kod , , i (Zkod + c 23+)
1 -  r 21 r 23± e 1 r 211r 23±^ e ~ ( IV *9)
so th a t
3b
_ + - 1  ,  r 2 l l r 23±l  s 1 n (2kQd + ^23+)  \
+ an U  -  r 2 i I  r 23+l  cos( 2knd + C *C23±^
(IV . 1G)
From Eqs. (IV .fia) and ( IV .8) we have
T i ^ 2 3 -  "" ^23+^ "* ("h- “  Tl+)e e (IV . 11)
Thus, (0) may be decomposed as 
(0) = 0 +
where
0 = \  ^23+  " ^23-)
( IV .12)
( IV .13)
is  the ro ta t io n  studied in  Ref. [13 ] and
MR * r K “ O ( I V . 14)
is  the co rrec t ion  term fo r  the f i n i t e  th ickness o f  the oxide laye r and
is  due purely to  m u lt ip le  re f le c t io n s  w ith in  the oxide la y e r .
We emphasize th a t  the re su lts  so fa r  obtained are independent of
the model used fo r  the surface co n duc t iv i ty  a+ . We w i l l  now chose a
2D Drude type model, tak ing  the surface c o n d u c t iv i ty 16 as
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u t e V .  (IV>16)
+ (D + o)c + l v
■jArwhere N is  the e lec tron  surface concentra tion , m the  e f fe c t iv e  mass, 
*
wc = eB/m c is  the cyc lo tron  frequency and v the c o l l i s io n  frequency 
(= t  , x being the c o l l i s io n  t im e ). Thus, we obta in
1 “ nc (U -  Wr )
^23+ -  - tan C—  ^  "  • 7  " ------- r )  ’ <1V*16)(u ± ii)c ) + v(v  + WpS)
and
(n + 1 ) co ( u  ±  to )
C23+ = - t a n  1 ( ------------------- -^------------E5--------------- £----------------j   ^ { I V > 1 ? )
n(co + uc ) + (nv -  up s ) (v  + wp s )
where
n -  n
n = - t—l ( IV .18)
no + ns
and in  the no ta tion  of Ref. [1 6 ] ,
tops = 4uNe2/m*c(nQ + ng ) ( IV .19)
I f  tops «  a l l  the other frequencies and kQd «  1 ( th in  oxide 
la y e r ) ,  which is  true  fo r  parameters o f physical in te re s t ,  a 
considerable s im p l i f ic a t io n  occurs, v iz .
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V ( w -  “ c } 
’23+ " 7 ,2 . 2
(w ± tv>c J + V
( IV .20)
n + U
’ 23+
f I-, ps 
=  n  -  ( _ _ )  — e _
( id  +  c o j 2  +  V 2
( IV .21)
and
-  „  4. n + 1 r-  % _ _  £23±
h+ =
" r 2 1 l r 23+l (2kod + ^23+ " ^
Y + r Zl \T 23±\
( IV .22)
Thus, Eq. ( IV .14) gives
s „ „  -  ( M f )  9 -  h V H  9 , ( IV .23)
V s
since nu = 1 (vacuum). Hence
©  *  0 + SMR = 0 • ( IV .24)
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where 8 is  given by Eqs. ( IV .13) and { IV .20), and is  the ro ta t io n  
studied in Ref. [1 3 ] ,
Using the parameters n0 = 1.95 (Si02 ) and ns = 3.44 (S i ) ,  Eq.
( IV .24) gives a 21% enhancement of the ro ta t io n  values 0  o f Ref. [13] 
where the oxide laye r was assumed to  be s e m i- in f in i te .
Using Eq. ( IV .12), we present in  Figures IV .1 and IV .2, p lo ts  
o f ©  versus B and g j, resp ec t ive ly .  The corresponding p lo ts  o f 0  
are included fo r  comparison.
S im ila r  to  the decomposition of ©  in Eq. ( IV .12), we obtain fo r  
the e l l i p t i c i t y  A
where
- t
A =
:+ l I t J
= tanh (6S + SMR) ,
( IV .25)
6 = tanh 6, ( IV .26)
is  the e l l i p t i c i t y  studied in  Ref. [13 ] and
1 '  r 21 r 23- e
2 ik Qd
1 “  r 21 r 23+ e
( IV .27)
is  the co rrec t ion  term fo r  the f i n i t e  thickness o f  the oxide laye r and 
is  due purely to  m u lt ip le  re f le c t io n s .
In Figures IV .3 and IV .4, we present p lo ts  o f A (and 6) versus B 
and (1), resp ec t ive ly , which shows the same enhancement as the ro ta t io n  
curves in  Figures IV .1 and IV .2.
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Figure IV .1. P lo t of the Faraday ro ta t io n  ©  versus the magnetic 
f^ e ld  B. The parameters used are N -  2.3 x 10 cm , 
m = 0.19 me, where me is  the e lec tron  res t mass, nv = 
1, n0 = 1.95, ns = 3.44, w = 6.455 x 10ii;  s " 1, d =
2000 A, and fo r  x values ind ica ted  on the curves. The 
corresponding p lo ts  o f 9 are included fo r  comparison. 
The v e r t ic a l  l in e  corresponds to  the value w -  w_ or 
B = 6.97 x 104 G.
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Figure IV .2. P lo t o f the Faraday ro ta t io n  ©  versus the photon
frequency w using the same parameters as in  Figure IV .1 
and B = 6.89 x 104 G. The v e r t ic a l  l in e  corresponds to  
the value w = uc .
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F in a l ly ,  we tu rn  to  a discussion of the comparison between our 
th e o re t ic a l  re su lts  and the experimental resu lts  recently  reported by 
P i l l e r  and Wagner.14 Such a comparison was made in a recent 
p u b l ic a t io n 31 ( in  a note-added-in p ro o f) ,  which fo r  the most part was 
concerned w ith  memory-function e f fe c ts .  In Figure 5 o f Ref. [3 1 ],  two 
" b e s t - f i t "  p lo ts  of our th e o re t ic a l  resu lts  to  the experimental 
re su lts  were presented. The best agreement is  obtained by the use of 
the ©  ca lcu la ted  in  th is  section (and corresponds to  the curve 
la b e l le d  0--which would have been b e tte r  la b e l le d  as ©  or 1.21 0, 
re ta in in g  9 fo r  the re su lts  obtained in Ref. [1 3 ] ) .  However, i t  is  
c lea r th a t  serious disagreement occurs at high magnetic f i e ld s .
Figure IV.S represents Figure b o f Ref. [3 1 ] .
The other th e o re t ic a l  curve presented in  Figure 5 o f Ref. [31 ] is 
lab e l led  and corresponds to  the incorpora t ion  o f memory-function 
e f fe c ts  in  the th e o re t ic a l  ana lys is . However, i t  w i l l  be noted th a t  
memory-function e ffe c ts  appear to  worsen the agreement between theory 
and experiment. A more expanded discussion o f memory-function e f fe c ts  
is  made in  chapter V I.
In conclusion, i t  is  perhaps redundant to  remark on the 
d e s i r a b i l i t y  o f more experimental re s u lts .  In p a r t ic u la r ,  a 
determination o f the Faraday ro ta t io n  fo r  various frequencies at f ixed  
magnetic f i e ld  values would be very valuable as would e l l i p t i c i t y  
measurements.
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Figure IV .3. P lot o f the e l l i p t i c i t y  A versus the magnetic f i e ld  8 
using the same parameters as in  Figure IV .1.
43
OJ
‘O
>  
I—
<3
F—
CL
_l
UJ
10
8x10
8
6x10
6
4x10
4
2
0 20 1 0 0
Figure IV .4. P lot o f the e l l i p t i c i t y  A versus the photon frequency <*> 
using the same parameters as in Figure IV .2.
44
oozo
&cr
5 -15og -20
£
3 0
905030
Figure IV .5. “ B e s t - f i t "  p lo t  o f the Faraday ro ta t io n  © and © versus 
the  external magnetic f i e l d  B to  the experimental 
re su lts  o f Ref. [1 4 ] .
CHAPTER V
Effect of a F in ite  Oxide and F in ite  Semiconductor Substrate
In the la s t  section we inves t iga ted  the e f fe c t  o f a f i n i t e  oxide 
laye r  and found t h t  the Faraday ro ta t io n  and e l l i p t i c i t y  were 
s ig n i f i c a n t ly  enhanced. The e f fe c t  o f a f i n i t e  semiconductor is  
suppressed by using a wedge to  e lim ina te  m u lt ip le  re f le c t io n s  w ith in  
the semiconductor. However, various au thors^»28  have considered the 
e f fe c t  o f a f i n i t e  ( i . e .  unwedged) semiconductor substra te  on 
cyc lo tron  resonance. We are thus motivated to  study o ther magneto­
o p t ica l phenomena under such cond it ions .
Although we consider the propagation o f r ig h t  and l e f t  c i r c u la r ly  
po la rized  l i g h t  through the vacuum-Si02 -  Si-vacuum system, the 
analys is  w i l l  hold fo r  any general 4 laye r system. The three 
boundaries are located at z = 0, z = d, and z = D (see Figure V . l ) .
The e le c t r ic  f ie ld s  in  the four regions are
i ( k vz -  u t ) - i ( k yz + u t)
e+
(V . la )
i ( k Qz -  u t) - i ( k Qz + u t)
(V . lb )
45
46
F
2 T>E<5
VACUUM
Ei „
OXIDE 
E- +
X
x s e m i -  
51 CONDUCTOR
X
X
$ Em y
VACUUM
Ft r
X
£
s
I --------------------- >
Figure V . l .  Geometry fo r  the propagation o f electromagnetic
ra d ia t io n  through the MOS system considering f i n i t e  
oxide and semiconductor boundaries.
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i ( k Qz -  ut) - i ( k Qz + u t)
E
' +
(V . lc )
i ( k vz -  ut)
{ V. I d )
so th a t = £.j+ + ^-j_ > = ^r+ + ^ r -  ’ e tc *> ^ t i^e wave number
in the corresponding medium and is  given by
where v ,o ,s  re fe rs  to  the vacuum, oxide or semiconductor, 
re sp ec t ive ly , n  ^ is  the index o f re f ra c t io n ,  d is  the oxide th ickness, 
(D-d) is  the semiconductor th ickness , and
The boundary condit ions at z = 0, z = d, and z = D are (a)
c o n t in u i ty  o f the tangen t ia l component o f the ac e le c t r ic  f ie ld s  and
(4n/c) = (4n/c) cr+ £+ , where j + and a+ are the  surface curren t and
co n d u c t iv i ty  o f the 2DEG located at the z = d in te r fa c e .  These
conditions imply, re sp e c t ive ly ,  the fo l lo w ing  re s u lts  (suppressing the
"±" s ign ) :  fo r  z = 0
v ,o ,s (V . le )
e+ = (x + i y ) / / 2 (V.lf)
(V.2a)
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M Ei -  Er> -  ko ^ U -  Ev) = 0 > ( v -2b)
and fo r  z = d,
ik  d ~ iknd ik  d - i k  d
Eu e + Ev e = Em e + En e <V‘ 2c>
i k ed ik_d i k rtd - ik_d
V Em e ”  En e } + ko (Eu e Ev e >
4„  i M  ik  d
= m o{Em e + En e ) (V.2d)
while  at z = D,
ik  D - i k  D ik  D
E e + E e = Et  e v (V.2e)m n t  k '
ik  D - i k  D ik  D
ks<Em e -  En e * -  kv Et  e ‘ V' 2 f >
A f te r  some lengthy algegra, we f in d  the so lu t io n  of the above 
equations fo r  the transmission c o e f f ic ie n t  t + = Et + /E^+ is ,
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V  = - i M
{ [e  0 - r
t 12 *23+ t 34 e
- i k QD
21 r 23+ e
i k d  - i k s [D-d) " T k ^
] e _ r34^r 32+ 6
ik  d ik  (D-d)
+ r 21 ^23+  + r 23+^ e ] e } (V.3)
In order to  v e r i f y  th a t Eq. (V.3) is  indeed the co rrec t 
expression fo r  the transmission c o e f f ic ie n t  fo r  the fou r laye r system, 
we make use o f Eq. ( IV .4 ) ,  i . e .
i k _d
t  t  e_ 12 *23t (IV4)
1 '  r 21 r 23± e
I f  we move the semiconductor boundary at z = D to  Z « <*>, e f fe c t iv e ly  
making the semiconductor s e m i- in f in i te ,  recognize th a t  r ^  = (J and 
tg ^  = 1 (no boundary at D) and set kv = ks , Eq. (V.3) becomes
- i k sD
t    t 12 t 23± e______________
± ”  - i k Qd i k Qd - i k s (D-d)
(e -  r 21 r 23± e ) e
- i k sd
t 12 t 23+ e 
- i k ' d  2 ik  d *
e " r 21 r 23+ 8 )
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Since we can have no waves re f lec te d  back in to  the oxide from the 
- i k sd
semiconductor e = 1  and we re tr ie v e  Eq. ( IV .4 ) .
As before, the Fresnel transmission c o e f f ic ie n ts  t - j j  and 
re f le c t io n  c o e f f ic ie n ts  r- j j  are given by Eqs. (IV .5a) and ( IV .5 b ) .  I f  
we c a l l  the th ickness of the oxide as d0 and the th ickness o f the 
semiconductor as ds , so th a t
d = dQ , D -  d = ds (V.4)
and use Eq. (V . le ) ,  we obta in
- 1\ K * o  + ds)
t + = { t 12 t 23+ t 34 e }/G (V.5a)
where
-  i — ■ wd i  ud -  i ud
G = { [e  c 0 -  r 21 r 23± e c ° ]  e C 5
r 34 t r 32+ e
• i n  w  a-  i  n„ —■ d„
0  C 0
• i n  W A
) e" 0 c ° ]+ r 21( t'23+ + r 23±
1 n s ? d se s c s } . (V.5b)
Follow ing the analys is o f chapter IV, the Faraday ro ta t io n  ©  may be 
decomposed as in  Eqs. ( IV .12) in  the form
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<B) = 0 + 0MR ( IV .12)
However, in  th is  case the term is  due to  m u lt ip le  re f le c t io n s  
w ith in  the oxide as well as m u lt ip le  re f le c t io n s  ins ide  the 
semiconductor subs tra te . Now, the th ickness o f the semiconductor
is-around 0.2 pm. Since the wavelength o f the inc iden t ra d ia t io n  is  
292.5 pm, we expect the co rrec tions due to  the f i n i t e  semiconductor to  
dominate those due to  the f i n i t e  oxide.
In order to  i l l u s t r a t e  th is  po in t fu r th e r  consider the 
exponentia ls in vo lv ing  dQ and ds in  the denominator o f Eq. (V .5). For 
the semiconductor we have
For the parameters under cons idera tion , k = 292.5 pm and ns = 3.44 so 
th a t  dp = 42.5 pm. S im i la r ly ,  fo r  the oxide nQ = 1.95 and k/2 nQ =
75 pm. Thus we observe th a t the transmission c o e f f ic ie n t  in  Eq. (V.5) 
is  a pe r iod ic  func t ion  o f the semiconductor substra te  th ickness , w ith 
a period of dp . This im plies fu r th e r  than in te r fe rence  e f fe c ts  play a
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s u D S t r a t e  i s  of t h e  o r d e r  of 250 -  500 pm, w h i l e  t h e  o x i d e  t h i c k n e s s
ns 2 *  v d s
(V.6)
where
(V.7)
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major ro le  in  considering m u lt ip le  re f le c t io n s  w ith in  the 
semiconductor. For the oxide on the other hand since dQ/ { \ / 2  nQ) is  
o f the order o f 10“ ^, in te rfe rence  e ffe c ts  do not e x is t .
Since t + is  a p e r iod ic  func tion  of the th ickness ds, i t  fo l low s 
th a t  0|qR and hence ©  is  a p e r iod ic  func tion  o f ds . Thus, fo l low ing  
A b s tre i te r  et_ a U ,^3,30 we def 1ne a dimensionless th ickness or 
in te r fe ren ce  parameter Y, by
P
where N is  an in tege r such th a t 0 < Y < 1 . Using the parameters 
discussed e a r l ie r  we obtain values of ds/d p ranging from 3.88 to  
11.76. The ro ta t io n  ©  is  re la ted to  the transmission c o e f f ic ie n t  
through
which is  ju s t  another way o f w r i t in g  Eq. ( IV .7 ).
We present in  Figures V.2 and V.3, p lo ts  o f (H) versus B and w, 
re sp e c t ive ly ,  fo r  various values o f the in te r fe ren ce  parameter Y.
From the curves, we see th a t  m u lt ip le  re f le c t io n s  w ith in  the 
semiconductor substrate have a strong in f luence  on the ro ta t io n  
values. Even though the curves include the e f fe c t  o f the f i n i t e  oxide 
we know from the previous chapter th a t the connection due to  the 
f i n i t e  oxide alone is  about 21%. Corresponding to  Y « 0.15 we have a
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Figure V.2. P lo t o f the Faraday ro ta t io n  ©  versus the magnetic 
f i e ld  B. The parameters used are N = 2.3 x 10 cm" , 
m = 0.19 me, -r = 6 x 10-1,i s, u> = 6.455 x lO1^ s , ny 
= 1, nQ = 1795, ns = 3.44, dQ = 2000 A and fo r  the Y 
values ind ica ted  on the curves. The v e r t ic a l  l in e  
corresponds to  the value u = uc o r 0 = 6.97 x 10^ G.
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Figure V.3. Plot of the Faraday rotation (0) versus the photon
frequency 10 using the same parameters as in Fiyure V . l .
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maximum p o s it iv e  enhancement such th a t  the maximum value o f ©  is  
about 2.5 times the maximum value of G. The maximum negative value 
occurs fo r  Y * 0.90.
The e l l i p t i c i t y  A is  ca lcu la ted  from
it+i - i t j
A = + |t j  • t l v -26>
Since t + is  pe r iod ic  in  ds i t  fo l low s th a t  A is  also p e r io d ic  in  ds 
w ith  period dp. Using Eq. ( IV .25) we present in  Figure V.4, a p lo t  
of A versus B fo r  various values of Y. As in  the case o f the 
ro ta t io n ,  m u lt ip le  re f le c t io n s  have a strong in f luence  on e l l i p t i c i t y  
values. The maximum value o f the e l l i p t i c i t y  is  sh if te d  to  the r ig h t  
and downward as Y goes from 0.00 to  0 .5 , and reverses th is  trend fo r
0.5 < Y < 1. Figure V.5 is  a corresponding p lo t  o f A versus m.
In conclusion, we have ca lcu la ted  the Faraday ro ta t io n  and 
e l l i p t i c i t y  produced by the e lectron gas in  the invers ion  layer o f a 
M0S system in  the case where we have both a f i n i t e  oxide laye r and a 
plane p a ra l le l  semiconductor substra te . We f in d  the semiconductor 
substra te  to  have a dominating in f luence  compared to  the f i n i t e  oxide 
1ayer.
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Figure V.4. Plot of the e l l ip t ic i t y  A versus the magnetic f ie ld  6
using the same parameters as in Figure V . l .
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Figure V.5. Plot of the e l l ip t ic i t y  A versus the photon frequency u
using the same parameters as in Figure V . l .
Chapter VI 
Heraory-Function Effects
The Faraday ro ta t io n  due to  the two dimensional e lectron gas at 
the oxide-semiconductor in te r fa c e  of a MQS system has been ca lcu la ted  
using a 2D Drude model.13 This model gave f a i r  agreement w ith  
experimental r e s u l t s .14 In the hope of obta in ing b e t te r  agreement, 
the model was extended31 to  incorporate memory-function e f fe c t s ,34-41 
which is  w idely considered to  be the most general approach fo r  the 
analysis of magneto-optical e ffe c ts  in  an e lec tron  gas. In fac t i t  is  
exact w ith in  the framework o f Kubo l in e a r  response th e o ry .41
Cyclotron resonance has recently  been under in v e s t ig a t io n  both 
experim enta lly33,33 and th e o r e t ic a l ly 3^-411 in  the 2DEG in Si invers ion  
layers of a MOS system to  expla in  s h i f t s  away from the cyc lo tro n -  
resonance frequency. This has been done by the use of the memory- 
func tion  or c u r re n t- re la x a t io n  kernel M(w,B) developed by Gotze and 
Wolfle.34 B a s ica l ly  the technique is  used to  include many body 
e f fe c ts  due to  e le c tron -e lec tron  and e le c t ro n - im p u r i ty  in te ra c t io n s  in 
the 2D system.3^ ’ 41
In terms o f the memory-function, the zero-temperature 
co n du c t iv i ty  o f  the 2DEG may be w r i t te n 3^-3 ^ as
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where
M((d,B) = M'(w,B) + iM"(o>,B) , (V I.  2)
The prime and double prime denote real and imaginary pa r ts ,  
re sp e c t ive ly ,  N is  the e lectron surface concentra tion , m is  the 
e f fe c t iv e  mass and wc = eB/mc is  the cyc lo tron  frequency. In troducing 
a frequency- and maynetic-fie ld-dependent mass m*(u,B) and re laxa tion
Jc 1 i f
time t (w,B)[= v (u,B) where v (u,B) is  the c o l l i s io n  frequency] 
defined by
m*(u,B) = m[l + M'(io,B)/w] , ( V I .3)
and
t* - 1 ( w,B) = v*(to,B)
= M " (u ,B ) / [ l  + M 'tu .B j /u ]  (V I .4)
*  / *  \We may rew rite  M'foi.B) and M"(a),B) in  terms of m (a),B) and v (u,B)
as (suppressing the w and B dependence),
*
M' = «(£“  -  l ) * (V l.Sa)
and
M" = v JL  . (V I.5b)
I f  we use Eqs. (VI.5a) and (V I.5b) in Eq. (V I .1) we obtain
where wc = eB/m c. We obtain th a t  (V I .6) is  id e n t ic a l  in  form to  the
*  *
2D Drude co n du c t iv i ty  (compare w ith  Eq. I I . 9 ) ,  except th a t  m and v 
are now functions o f B and w. In the case o f the Drude model the 
Faraday ro ta t io n  is  given b y ^
i -1 r2 wns " “c " v^v +0 = Vgtan { E------------   £ i -  } (V I.7a)
where
D = {[(a)+uc )2 + v(v+a>(js) ]  [ U - cjc )2 + v(v+o)ps)}
+ iops(w2 -  u)2 )} . (V I.7b)
By analogy we may w r ite  the Faraday ro ta t io n  inco rpo ra t ing  memory- 
func tion  e f fe c ts ,  ©m, as
*  *  .  2 * ?  * *  *
i -1 f2 uds wc '  ur  '  v ' v + “ d s *,
0 m = V2 tan  E i - i --------------5------------------------------------------- (V I.8a)
where
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+ «* (m2 -  u *2 )} psK c n (V I.8b)
and
(o* = 4nNe2/m*c(n0 + ns ) . (V I .9)
Ting et a l . 3^ th e o re t ic a l ly  ca lcu la ted  the memory-function as a
function  o f the magnetic f i e ld  B (Figure 3 o f Ref. [3 7 ] ) .  O'Connell
o f 0m against B (Figure IV .5). The value o f e lec tron  surface density  
N, and the frequency o f the inc iden t ra d ia t io n  u>, used by O'Connell 
and Wallace were close to  the values used by Ting e t_ j fk  but not the 
same. S u rp r is in g ly ,  th is  did not produce the agreement des ired. 
Flowever, in  general, an accurate c a lcu la t io n  o f memory-functions is  no 
t r i v i a l  task (see, fo r  example, Refs. [37 ] and [4 1 ])  and thus we were
motivated to  re tu rn  to  the problem.
I t  w i l l  be noticed from Figure IV .5 th a t  the Faraday ro ta t io n  
inco rpo ra t ing  memory-function e ffe c ts  has been ca lcu la ted  fo r  values 
o f B < 1 x 10 G. Ti ng _et^_al_. have also ca lcu la ted  memory-functi ons
c
fo r  B < 1 x 10 G. I t  is  also seen th a t  i t  is  in  the high magnetic
f i e ld  region (> 10^ G) th a t  the 2D Drude model s trong ly  disagrees w ith
the experimental data. Although there is  ample m otiva tion  to
and Wallace31 used the th e o re t ic a l  values o f M(B) to  obtain the p lo t
ca lcu la te  memory-functions in the high f i e ld  regime from f i r s t  
p r in c ip le s ,  the inherent d i f f i c u l t y  associated w ith  the ca lc u la t io n  of 
a c o r re la t io n  func tion  made us consider an a l te rn a t iv e  h e u r is t ic  
approach p r io r  to  a ca lc u la t io n  using f i r s t  p r in c ip le s .  S p e c i f ic a l ly ,  
we wished to  obtain some physical in s ig h t  in to  the v a l i d i t y  o f the 
approach taken by Ting et_ al_.37 in  the high f i e ld  regime.
In order to  accomplish th is  we attempted to  f i t  the 3 data
C ^
poin ts (B > 1 x 10 G) by a su ita b le  choice o f the q u a n t it ie s  m and 
*
v and then use Eq. (V I .8) to  ca lcu la te  the Faraday ro ta t io n  0m«
“it ik
Once m and v are determined i t  is  a simple matter to  determine Ml
and M" using Eq. (V I .5 ), Although we were able to  f i t  the data fo r
* *
appropria te  values o f m and v ce r ta in  features emerge which casts
doubt on the method o f Ting et^ aj_., at leas t in  the high f i e ld  regime.
To i l l u s t r a t e  fu r th e r  le t  us consider the data po in t at 8 = 1.2 x
10® G (see Table V I .1 ) .  We f in d  th a t  fo r  m* = .24me and
v* = 8 x 1 0 ^  s*1 we are able to  f i t  the data using Eq. (V I .8 ) .
Furthermore, using Eq. (V I .5) we obtain the values fo r  the wernory-
f u n c t io n to  be M' = 1.69 x 10*2 s- * and M" = 1.01 x lO^1 s“ * .  I t  may
be mentioned here th a t  no value o f m* < .24 me can s a t is fy  the data,
*
no matter what value we choose fo r  v . This leads to  a mass s h i f t  
Am = m -  m o f  .05 me or a mass enhancement Am/m o f ~ 26%. For B =
1.3 x 10® G we f in d  th a t  m* > .26 me , and fo r  v ~ 5 x 1 0 ^  we obtain 
values o f H‘ = 2.37 x 10^2 s“  ^ and M" = 0.7 x 1 0 ^  s "^ .  This again 
leads to  a mass enhancement o f ~ 36%. Even fo r  B = 1.1 x 10® G, we
obtain a mass enhancement o f ~ 16% and memory-function values o f  M1 =
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B(G) m*(me ) v * ^ " 1 ) M '{s_1) M"Js- 1 ) Am/m (%)
1.1 X 105 .22 1 X i 0 i i 1.0 X 1012 1.2 X 1011 16
1.2 X 105 .24 8 X i o i ° 1.7 X 1012 1.0 X i g l l 24
1.3 X 105 .26 5 X 1010 2.4 X io * 2 6.8 X 1Q10 36
TABLE V I . 1. Values o f the mass enhancement fo r  the high magnetic
*  *f i e l d  regime. The choice o f m and v leads, o f a f i t  
o f  the Faraday ro ta t io n  w ith  experimental data.
1.02 x lO1^ s-1 and M“ = 1.15 x 1 0 ^  s“ * .  I t  has genera lly  been
reported in the l i t e r a t u r e  th a t mass enhancements measured from 
experiments44 or ca lcu la ted  from th e o ry ^  *4^ have varied between 5 -  
10%. Thus on the basis of the extremely large discrepancies in  the 
mass s h i f t s ,  i t  seems u n l ik e ly  th a t  the theory o f Ting et_jil_. can 
resolve the disagreement between theory and experiment fo r  high B 
f i e ld s .  I t  may be fu r th e r  noted th a t fo r  the memory-functions 
ca lcu la ted  by Ting et_jy_., fo r  every value of B, M" > M‘ . However fo r
a l l  the memory-functions in fe r re d  by us in  the high f i e ld  regime M1 >
M". This suggests a crossover o f the functions as we move in to  the 
high f i e ld  regime.
Further in s ig h t  in to  the problem may be obtained by a simple 
analys is o f  Eq. (V I .8 ) .  Since we are dealing w ith  very small angles 
we may w r i te
®m ”  ^ps " uc2 " v ( v + <*>ps) ]/E  (V I .10)
where E is  given by Eq. (V I.8b ). We no tice  th a t  to  increase the value
"k "k
of 0 we cannot choose a value of v >> w,a) , since the denominator ofHI W
*4 *(V I .10) ~ v . We already know th a t the theory f a i l s  fo r  v ~ u),u>c .
*Thus we must have v «  w,u)c fo r  Gm to  increase. Eq. (V I .10) then 
reduces to
65
Eq. (V I .11) shows tha t i t  is  the renormalized mass m* which has the 
major in f luence  at high f ie ld s .
In Eq. (V I .1) we observe th a t  the memory-functi on M(io,B) is  
independent o f the sense o f the c i r c u la r  p o la r iz a t io n  o f the inc ide n t 
ra d ia t io n .  Shiwa and Is ih a ra 41' modified the theory and introduced a 
memory-function which allows the co n d u c t iv i ty  to  be w r i t te n  in the 
form
a = ----------------------   • (V I .12)
00 ±  to „  +  -----------------jV
C ^ _ M
oo + ooc
Here the memory-functi on is  of the form M / [ l  -  M/(oo + ooc ) ] ,  which 
depends on the sense o f c i r c u la r  p o la r iz a t io n .  However, in  the high 
f i e ld  l im i t  th is  reduces to  the formalism employed by Ting et_ al_., so 
th a t i t  is  not c lea r  how useful i t  w i l l  prove.
C u rre n t ly ,  there has only been a s ing le  c a l c u l a t i o n ^  to  
determine the memory-function ( fo r  a f ixe d  frequency) as a function  of 
the magnetic f i e l d .  However, we f in d  th a t at B f ie ld s  > 10^ G, the 
theory p red ic ts  mass enhancements much too large to  be compatible w ith  
e x is t in g  re s u lts .  The crossing over of the memory-functions fo r  high 
B f ie ld s  may possib ly ind ica te  fu r th e r  incons is tenc ies  w ith  the 
theory.
I t  would seem th a t  the theory needs to  be modified in the high 
f i e ld  regime. This is  presently  under considera tion  by Dickman and 
0 'Connel 1.
Chapter V II 
Conclusions
The e lec tron  invers ion  laye r at the SiC2 “  Si in te r fa c e  has been 
inves t iga ted  using a magneto-optical probe. The e f fe c t  o f f i n i t e  
boundaries on the Faraday ro ta t io n  and e l l i p t i c i t y  has been 
considered.
In choosing between the i d e a l i s t i c  2D model or the more r e a l i s t i c  
3D model we have shown th a t the two are equiva lent provided m u lt ip le  
re f le c t io n s  and boundary e f fe c ts  are considered in the 3D model. The 
2D model au tom atica lly  takes m u lt ip le  re f le c t io n s  in to  account.
The ro le  o f  the free  c a r r ie rs  in  the metal gate has been 
inve s t ig a te d . The admittance o f the gate was ca lcu la ted  and shown to  
agree reasonably well w ith  the experimenta lly measured value. Due to 
a large e f fe c t iv e  sca tte r ing  frequency caused by the s c a tte r in g  of 
c a r r ie rs  at the boundaries of the metal f i lm ,  the gate plays a 
n e g l ig ib le  ro le  compared to  the invers ion la y e r .
The e f fe c t  of a f i n i t e  oxide laye r cannot be ignored, nor can i t  
be e lim inated experim enta lly . In making a comparison w ith  
experimental data, the Faraday ro ta t io n  is  due to  the inve rs ion  layer 
alone plus an enhanced e f fe c t  due to  m u lt ip le  re f le c t io n s  w ith in  the 
oxide la ye r .  A decomposition o f  the m u lt ip le  pass ro ta t io n  and 
e l l i p t i c i t y  in to  co n tr ibu t io n s  from the s ing le  pass, and m u lt ip le  
re f le c t io n  e ffe c ts  is  obtained. Even though the e f fe c t  o f a f i n i t e
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semiconductor substra te can be e lim inated by use o f  a wedge, we have 
ca lcu la ted  the extremely large ro ta t io ns  due to  in te r fe ren ce  e ffe c ts  
w ith in  the semiconductor subs tra te . The transmission c o e f f ic ie n t  
determined fo r  the problem is  applicab le  to  any general four layer 
system.
In an e f f o r t  to  improve agreement between theory and experiment, 
e sp ec ia lly  at high magnetic f i e ld s ,  we have included many body e f fe c ts  
w ith in  the invers ion  la ye r .  This has been done by inco rpo ra t ing  the 
memory-function approach. However, we f in d  at f ie ld s  > 1 x 10^ G the 
theory cannot expla in  the experimental data. While i t  is  possib le 
th a t  the data is  in c o r re c t ,  c le a r ly  more care fu l in ve s t ig a t io n s  are 
required in to  the problem.
Future work in  th is  area seems to  be in d ica te d , in  an attempt to  
c l a r i f y  the e x is t in g  inconsis tenc ies between theory and experiment 
p a r t i c u la r ly  in  the high f i e ld  regime. While fu r th e r  ca lcu la t io n s  of 
the memory-function as a func tion  o f the B f i e ld  would be h e lp fu l ,  
since o ther th e o re t ic a l  ca lcu la t ion s  of the memory-function as a 
func tion  o f frequency e x is t ,  the d e s i r a b i l i t y  of Faraday ro ta t io n  
experiments w ith  varying u cannot be over emphasized.
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APPENDIX A 
Derivation of the Drude Model
Here we give the d e ta i ls  o f the d e r iva t io n  o f the Drude model fo r  
the d ie le c t r i c  constants e+ . We w i l l  a c tu a l ly  s ta r t  from the Lorentz 
model o f an in s u la to r  where there  is  a harmonic bounding term 
associated w ith  interband e f fe c ts .  The e lec trons , w ith  charge q = -e
'ifand an e f fe c t iv e  mass m which accounts fo r  the background l a t t i c e ,
are driven by e i th e r  a l e f t  or r ig h t  c i r c u la r ly  po larized
electromagnetic wave (E , H ) propagating in  the z d ire c t io n  and a41 t
“  ^  A
uniform constant external magnetic f i e ld  B = B z . The equation of
motion is
A A
m r + m* v r  + m* o)q r  = -  e(it+ + £  x fr+ ) -  e ^ x  f  (A. 1 )
where c is  the speed o f l i g h t ,  v is  the c o l l i s io n  frequency and r  
is  the p o s it io n  vec to r. Most a u th o rs ^ * 1^  drop the term due to  the 
magnetic components H of the wave since i t s  magnitude is  (v /c )  times
the e le c t r ic  component term, and v/c is  genera lly  «  1 .
We now set
£ . ( x , t )  = E ( x , t )  e , E < x ,t)  = E e (A.2)
± W + 0) 0X3
where
e+ = 7 7  ( x + i y )  (A.3)
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Assuming a so lu t ion  of the form r  = r Q e , Eq. (A . l )  becomes
(-  to2 - itov + to2) f  = ---- 1 + i - § ^  ? x t  . (A.4)
~ me
Expanding the cross products and separating in to  sca la r equations 
gives
( - u 2 - itov + to2) -itoto y 0 = — ^  E
0 0  /2  m “
itoto. x ( -  (o2-itov+tjo2) y 0 = +i — ~ E
c 0 /2  m 10
0 0 ( - t o 2 -  itov + <o2)z =  0
where we have defined
(A .5)
to = - #  . (A .6)
m c
•>
I f  we solve Eq. (A .5) fo r  r ,  we obta in
r = ------------ — --------------— . (A .7)
r ■ 'i 2 +tof to + to + 1 v 1 -  tov r  * n
The d ipo le  moment con tr ibu ted  by one e lec tron  is
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' e /m  E_ . (A .8 )
( — T +lijl td + td + 1 V J - 0 )v /* > n
I f  n is  the e lec tron  dens ity ,  then the to ta l  d ipo le  moment per 
u n i t  volume P is
? = n
 7  £_ . (A .9)
-  ( J j ( o )  +  0 > c  +  i v )  +  t d Q
Hence, using 3 = —  » we obtain
at
a, = ---------- " 1ijne-Z-m-------- 5- . (A .10)
-w(io + uc + i v )  + a)Q
S e tt in g  wQ = 0, since we are only in te res ted  in intraband 
e f fe c ts ,  we obta in the Drude model fo r  the co n du c t iv i ty  (see Eq. I I . 7)
c = ine2/ m*  , , (A .11)+ (ti) + a)c + i  77
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Using Eq. ( I I . 6) fo r  the d ie le c t r i c  constant, we obta in
4nne^ _____ 1
eA *  (to + U3_ + i  v Jto m ' c
I f  we define the plasma frequency Up as
2 4itne^
u p = -------------- *F m
the d ie le c t r i c  constants e. may be w r i t te n  as
T
2
-  110 p
e+ £JI t t(uT w c + iv )
(A .12)
(A .13)
(A .14)
APPENDIX B 
Proof of Equation I I I . 22
Consider the in te g ra l
I = /  f 0 (v) * (v )  dv 
o
where f Q(v) is  the Fermi function
f 0(v) =
;(E -p)/kT + l
P is  the chemical po ten t ia l and E 
by parts i f  we define a func tion  v ) as
<p(v) = /  v) dv or d(j»(v)
Eq. (B . l )  then becomes
CO
I = /  f 0 {v ) d<j,(v)
0
df (v)
= [ f 0 (v) <F(v)]0 -  /  4»(v) m   dv .
o
0
We know th a t  f Q(“ ) = 0 and tf{0) = /  4>{v)dv =
o
in  Eq. (B.4) vanishes, and
(B . l )
(B.2)
may in te g ra te  Eq. (B . l )  
<t>(v)dv (B.3)
(B.4)
, so th a t  the f i r s t  term
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df (v)
1 = -  /  <l»(v) — ( B- 5)
d fQ(v)
For a s trong ly  degenerate e lec tron  gas — ^ —  is  only 
s ig n i f i c a n t ly  d i f fe re n t  from zero in the neighborhood o f v = Vp,  where 
Vp is  the Fermi v e lo c i ty .  We may expand <j.(v) in  a Taylor series about
Vp.
dt^(vF) d2(j,(Vp) (v -  vF) 2 ■
(|,(v) = tp(vF) + (v -  Vp) + - — 2--------------2-------- + .  . . (B.6)
Eq. (B.6) may be w r i t te n  as
d f_(v)
-  /  <l>(v) 
o dv
dv
® d fQ(v) dcp(vp)
<i>(vF) J — g ^ - d v  -
d fn (v )
dv > ( » - V ) - 3 ^ av '
(B.7)
Now
« d f 0 ( v )
0
dv = f Q(v)
o e ( H - p j / k ' r  + 1 >o
(B .8)
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Since n »  kT, f Q(v) « -  1. Thus fo r  a very s trong ly
degenerate gas, we re ta in  only the f i r s t  term in Eq. (B .7 ) ,  i . e
<*> d f j v )  
-  /  4-Cv) 0
o W
dv = 4>( vp )
For q>(v) = v4 , we obta in Eq. { I I I . 22)
4 ” 4  d f0(v)
v? “  -  /  v - a » -  av • <
(B.9)
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